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We study the coupling arising via perturbative QCD of zero 4-momentum Higgs
bosons to light quarks inside the nucleon. Qualitative comparison with the results
obtained from one-loop-order low energy theorems for the Higgs-nucleon interac-
tion suggests the existence of a dynamical light-quark mass which falls off with
momentum. Quantitative comparison leads to an estimate of αs at very low q2
quite near unity.
1 Introduction
The coupling of the zero 4-momentum Higgs to nucleons is characterized by
a mass of order 210MeV . Obviously, a direct coupling of the Higgs to a light
quark inside nucleon is not sufficient to generate this value. The effective
interaction of the Higgs with nucleons is known to be enhanced via coupling
of the nucleon to a heavy quark triangle [Fig.1] through gluon exchanges. A
Higgs boson low energy theorem 1 has been applied in order to estimate the
effective coupling for this interaction. 2 This theorem basically relates the
matrix elements M(A→ B) and M(A→ B +Higgs)
lim
pHiggs→0
M(A→ B +Higgs) = Nhα
2
s
3pi〈φ〉
∂
∂αs
M(A→ B), (1)
where Nh is the number of heavy quarks. If A and B are both identified
with the nucleon, then the physical matrix element M(A → B) is the nu-
cleon mass, which in the chiral limit is proportional to ΛQCD. Since αs =
(4pi)/
[
9ln(p2/Λ2QCD)
]
to one loop order, we find that
lim
pHiggs→0
M(q → q +Higgs) ≡ gHNN |induced = 2NhmN
27〈φ〉 , (2)
leading to an Nh = 3 effective interaction characterized by a mass of about
210MeV . 3 This same argument can be applied to the (constituent-) quarks
aDeceased
1
within the nucleon. In the chiral limit, the constituent-quark mass becomes the
dynamical mass associated with the chiral noninvariance of the QCD vacuum.
The matrix element M(A → B) is just this dynamical mass, mdyn, which
(like the nucleon mass mN in the chiral limit) is necessarily proportional to
ΛQCD . Consequently, one can repeat the derivation leading to (2) for the
constituent-quark Yukawa interactions, and find the same result except for the
replacement of mN with mdyn, corresponding to a Yukawa-interaction mass of
order 70MeV .
q=0
k-pk-p
k
pp
νµ
Figure 1: The heavy quark triangle.
In this work we would like to estimate the Higgs coupling to the nucleon
by performing an equivalent lowest order perturbative QCD calculation. We
study this coupling by coupling directly the heavy quark triangle to the light
quarks inside the nucleon [Fig.2] and we incorporate all non-perturbative QCD
effects into a dynamical mass function for the light quark. Therefore in order
to determine the effective coupling we need to evaluate the two loop diagram
in Fig.2. As a first approximation, we use a constant dynamical mass for the
light quark. We subsequently utilize a more realistic function of the light quark
momentum.
The heavy quark triangle 4 [Fig.1] for heavy-quark mass M and gluon-
momentum p couples the zero 4-momentum Higgs to two gluons, and is given
by the following tensor
Iabµν =
2α
pi〈φ〉δ
ab(pµpν − p2gµν)

M2
p2
+
2M4
p4
√
1− 4M2
p2
ln|τ+
τ−
|

 , (3)
where τ± ≡ 1 ±
√
1− 4M2/p2, αs = g2s/(4pi), and 〈φ〉 is the vacuum expec-
tation value of the Higgs field. Iabµν is completely transverse which ensures
gauge-parameter independence of light-quark Yukawa couplings induced via
Fig.2. The expression in square brackets in (3) goes to −1/6 in the heavy-
quark limit (M2 ≫ p2). For very large gluon momenta (p2) the expression
2
Figure 2: The two loop diagram representing the coupling of a zero 4-momentum Higgs to
a light quark through gluons via a heavy quark triangle.
in brackets vanishes, demonstrating that the heavy quark triangle serves as a
cut-off in the integrals over the gluon momenta of Fig.2. This property ensures
that the triangle of Fig.1 will not lead to divergent renormalization-dependent
results when incorporated into Fig.2.
2 The Effective Coupling to a Light Quark with Constant Dynam-
ical Mass
The Higgs coupling to light quarks induced via Fig.2 may be expressed as
Σind(k) = Σ0(k
2) + k/Σ1(k
2). (4)
To estimate Σ0(k
2) and Σ1(k
2), we first evaluate the two loop diagram in Fig.2
with a constant dynamical mass. We find it convenient to express the heavy
quark triangle (3) in the following form:
Iabµν(p) =
4αsM
2
pi〈φ〉 δ
ab(pµpν − p2gµν)
∫ 1
0
dy
y
p2 − M2
y(1−y)
. (5)
We find that
Σ0(k
2) =
4α2smdyn
pi2〈φ〉
∫ 1
0
ydy
∫ 1
0
dx1
∫ 1−x1
0
dx2L
−1
0 , (6)
Σ1(k
2) =
4α2s
pi2〈φ〉
∫ 1
0
ydy
∫ 1
0
dx1
∫ 1−x1
0
dx2(1 − x1 − x2)
× [(3x2 − 1)L−10 + k2x22(1 − x2)M−2L−20 ] , (7)
3
where
L0 = x1 [y(1− y)]−1 + k2M−2x2(x2 − 1) +m2M−2x2. (8)
In the limit where mdyn ≪M
Σ0(0)→ 2α2smdyn [ln(M/mdyn) + 5/6]/(3pi2〈φ〉), (9)
Σ1(0)→ −α2s/(18pi2〈φ〉), (10)
which indicates that Σ0(0) in the limit of very heavy masses in the triangle
depends logarithmically on the heavy quark mass. On the other hand Σ1(0) is
independent of the heavy quark mass in this limit. These properties also apply
when the light quark has nonzero momentum k [Fig.’s 3 and 4]. Heavy flavours
have different contributions in Σ0, but have almost the same contributions in
Σ1. For a dynamical mass of 300MeV , we have Σ0(0) ≈ 268α2sMeV/〈φ〉
and Σ1(0) ≈ −0.05α2s/〈φ〉, and if we identify the k/ term with the dynami-
cal mass, we have Σind(0) ≈ 253α2sMeV/〈φ〉. This result coressponds to an
induced Yukawa-coupling mass of 70MeV , consistent with the one-loop low-
energy theorem result (2), provided αs ≈ 0.53. However, the result clearly is
dependent through (9) upon the heavy quark mass M , inconsistent with the
low-energy-theorem result (2).
3 The Effective Coupling to a Light Quark with a Dynamical Mass
Function
We now consider a more realistic case in which the light quark has a momentum-
dependent dynamical mass, and is therefore more sensitive to infrared dynam-
ics corresponding to the low energy region for αs. We use the dynamical mass
function proposed by Holdom 5
ΣQCD(p
2) = (A+ 1)Λ3/(AΛ2 − p2), (11)
where A is a constant and Λ has the dimensions of energy and is the low energy
mass scale. This expression has been successfully tested with different physical
parameters at low energies. 5 We find that
Σ0(k
2) =
4α2sM
2
3ipi4〈φ〉
∫ 1
0
ydy
∫
d4p
× γµ(A+ 1)Λ
3
[
AΛ2 − (p− k)2] γν(pµpν − p2gµν)[
(p− k)2 [AΛ2 − (p− k)2]2 − (A+ 1)2Λ6
]
p4
(
p2 − M2
y(1−y)
) , (12)
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Figure 3: Contributions of top, bottom, and charm quarks to Σ0(k2) in units of α2s/〈φ〉 versus
(k2)1/2 with a constant dynamical mass of 300MeV for the light quark. The top quark has
the largest contribution, followed by bottom and charm quark contributions respectively.
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Figure 4: Contributions of top, bottom, and charm quarks to Σ1(k2) in units of α2s/〈φ〉 versus
(k2)1/2 with a constant dynamical mass of 300MeV for the light quark. The top quark has
the largest contribution, followed by bottom and charm quark contributions respectively.
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k/Σ1(k
2) =
4α2sM
2
3ipi4〈φ〉
∫ 1
0
ydy
∫
d4p
× γµ(p/ − k/)
[
AΛ2 − (p− k)2]2 γν(pµpν − p2gµν)[
(p− k)2 [AΛ2 − (p− k)2]2 − (A+ 1)2Λ6
]
p4
(
p2 − M2
y(1−y)
) . (13)
For a nonzero light-quark momentum k, these loop integrals are quite compli-
cated. However, for k2 = 0, the quark’s Lagrangian-mass shell in the chiral
limit, we find that
Σ0(0) =
4α2M2(A+ 1)Λ3
pi2〈φ〉
∫ 1
0
ydy
∫ ∞
0
dx(AΛ2 + x)
× [[x(AΛ2 + x)2 + (A+ 1)2Λ6] (x+M2/[y(1− y)])]−1 , (14)
Σ1(0) =
2α2M2(A+ 1)2Λ6
pi2〈φ〉
∫ 1
0
ydy
∫ ∞
0
dx(3x2 + 4AΛ2x+A2Λ4)
×
[[
x(AΛ2 + x)2 + (A+ 1)2Λ6
]2 (
x+M2/[y(1− y)])]−1 . (15)
Choosing A = 2 and Λ = 317MeV , 5 we find that Σ0(0) = 62α
2
sMeV/〈φ〉 and
Σ1(0) = 0.051α
2
s/〈φ〉, in which case Σind ≈ (62 → 77)MeV depending upon
whether we consider k/ on the dynamical O(300MeV ) mass shell 6 or assign k/
a value of zero (consistent with the vanishing Lagrangian mass in the chiral
limit). In either case, however, we obtain a result that is independent of the
heavy quark mass, as predicted by the low energy therorem (1). Quantitative
agreement with (2) is obtained provided αs ≈ 0.95 → 1.06. The near unity
value of αs is consistent with infrared expectations, particularly criticality
arguments 7,8 for chiral symmetry breaking as well as the anticipated freezout
of the strong coupling near unity discussed by Mattingly and Stevenson. 9
The momentum dependence of the effective Yukawa interaction can be
studied via the following approximation in the denominator of the momentum
integrals (12) and (13)
ΣQCD(k − p)2 → ΣQCD(0), (16)
an approximation providing a lower bound for the effective Yukawa interaction.
Making this substitution, we find that
Σ0(k
2) =
−4(A+ 1)α2M2
Λpi2 < φ >
∫ 1
0
ydy
∫ 1
0
dx1
∫ 1−x1
0
dx2
∫ 1−x1−x2
0
dx3L
−2,
(17)
6
Σ1(k
2) =
8α2M2
Λ2pi2 < φ >
∫ 1
0
ydy
∫ 1
0
dx1
∫ 1−x1
0
dx2
∫ 1−x1−x2
0
dx3
× (1− x1 − x2 − x3)
[
(1/3)F0Λ
−4L−3 − (1/3)F1Λ−2L−2 + F2L−1
]
, (18)
where
L =
M2x3
Λ2y(1− y) −
k2
Λ2
(x1 + x2)(1 − x1 − x2) +
[
A+ 1
A
]2
x1 +Ax2, (19)
F0 = 3k
2(x1 + x2)
2
[
k2 −AΛ2 + 3k2(x1 + x2)(x1 + x2 − 1)+
AΛ2(x1 + x2)− k2(x1 + x2)3
]
, (20)
F1 = −3
2
(AΛ2 − k2) + (x1 + x2)
[
(9/2)(AΛ2 − k2)− 12(x1 + x2)2k2+
21(x1 + x2)k
2 − 6k2] , (21)
F2 = −6(x1 + x2) + 3. (22)
In this “lower-bound” approximation, the momentum dependence of Σ0(k
2)
and Σ1(k
2) [Fig.’s 5 and 6] confirm the heavy flavour independence of the
induced coupling in the heavy quark limit (the contributions of top and bottom
quarks lead to almost identical curves). As evident from these figures, there is
a large enhancement in the coupling around k2 ≈ (500MeV )2. This is due to
the onset of branch cut singularity beginning when k2 =
[
ΣQCD(k
2)
]2
which
occurs when
√
k2 ≈ 530MeV . However, caution must be used in attempting a
physical interpretation for this branch cut, because the form chosen for ΣQCD
is not likely to be applicable for Minkowskian k2 near or past the singularity
at k2 = AΛ2.
The “lower-bound” approximation indicates only a soft dependence of Σ0
on k2 near the origin [Fig. 5]. This can be tested by considering the Taylor
series for Σ0(k
2) explicitly:
Σ0(k
2) = Σ0(0) +
1
2
[
∂2
∂kρ∂kσ
Σ0(k
2)
]
k=0
kρkσ + O(k2)2
≈ Σ0(0) + 4α
2M2(A+ 1)Λ3
pi2〈φ〉 k
2
∫ 1
0
ydy
∫ ∞
0
dx
(−x6 − 3AΛ2x5 − 3A2Λ4x4+
Λ6x3
[
7(1 +A)2 − A3]+ 12A(1 +A)2Λ8x2 + 6A2(1 +A)2Λ10x+ (1 +A)2
× [A3 − (1 +A)2]Λ12) [(x+M2/[y(1− y)]) [x(AΛ2 + x)2 + Λ6(1 +A)2]3]−1
(23)
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Figure 5: Lower-bound-approximation contributions of top, bottom, and charm quarks to
Σ0(k2) in units of α2s/〈φ〉 versus (k
2)1/2 with the dynamical mass function ΣQCD for the
light quark. The top quark has the largest contribution, followed by bottom and charm
quark contributions respectively.
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Figure 6: Lower-bound-approximation contributions of top, bottom, and charm quarks to
Σ1(k2) in units of α2s/〈φ〉 versus (k
2)1/2 with the dynamical mass function ΣQCD for the
light quark. The top quark has the largest contribution, followed by bottom and charm
quark contributions respectively.
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Figure 7: Contribution of the top quark to the linear approximation and lower-bound ap-
proximation for Σ0(k2) in units of α2s/〈φ〉 versus k
2, assuming the dynamical mass function
ΣQCD for the light quark.
The next-to-leading correction in (23) leads to a linear approximation to
Σ0(k
2) whose slope is consistent with the lower bound approximation as k2 →
0, as shown in Fig.7. Finally, we note that the induced coupling on the dy-
namical Euclidean mass shell of the light quark at k2 = −Λ2 is found from
(17) and (18) to be Σind(−Λ2) ≥ 48α2sMeV/〈φ〉, a result in agreement with
the low energy theorem (1) provided αs ≤ 1.2.
4 Discussion
By using a realistic dynamical mass function (11), we obtain a heavy-quark-
induced Yukawa interaction with nucleonic constituent quarks that is indepen-
dent of the heavy quark mass, as predicted by the Higgs low-energy theorem.
Quantitative agreement with the low-energy theorem result is obtained pro-
vided the infrared value of αs is 0.95 → 1.06, a range anticipated from criti-
cality arguments for chiral symmetry breaking and from the expected freezout
of the strong coupling near unity.
We reiterate that the low-energy theorem (2) follows from 1-loop correc-
tions to the gluon propagator, motivating our explicit comparison to the low-
est order graph [Fig.2] in perturbative QCD. The large size of αs that follows
from such a comparison suggests a need to consider three-loop diagrams as
well. However, there are reasons to believe that the relevant expansion pa-
9
rameter near criticality is αsNc/(4pi), perhaps providing some suppression of
higher-order contributions. 10
Acknowledgments
We are grateful for extensive discussions with V. A. Miransky, and to the
Natural Science and Engineering Research Council of Canada for financial
support. We also note with sorrow that R. R. Mendel, who initiated this
research, was actively pursuing its resolution at the time of his tragic death
last August.
References
1. M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov, Phys. Lett. B 78,
443 (1978),
A. I. Vainshtein, V. I. Zakharov, and M. A. Shifman, Sov. Phys.
Ups.23,429(1980).
2. S. Dawson and H. Haber,Int. J. of Mod. Phys.A 7,107(1992).
3. L. B. Okun, Leptons and Quarks (North Holand, Amsterdam,1984), pp.
230-231.
4. F. Wilczek, Phys. Rev. Lett. 39, 1304 (1977),
J. Ellis, M. K. Gaillard, D. V. Nanopoulos and C. T. Sachradja, Phys.
Lett. B 83, 339 (1979),
T. Rizzo, Phys. Rev. D 22, 178 (1980).
5. B. Holdom, Phys. Rev. D 45, 2534 (1992).
6. For a discussion as to the validity of renormalization on mass shells of
dynamical (non-Lagrangian) origin see: N. C. A. Hill and V. Elias, Int.
J. of Mod. Phys.A 9,181 (1994).
7. K. Higashijima, Phys. Rev. D 29, 1228 (1984).
8. P. Fomin, V. Gusynin, V. A. Miransky and Yu. Sitenko, Riv. Nuovo
Cim 6,1,(1983).
J. E. Mandula and J. Weyers, Nucl. Phys. B 237, 59 (1984).
9. A. C. Mattingly and P. M. Stevenson, Phys. Rev. Lett. 69, 1320 (1992).
10. T. Appelquist, J. Terning, and L. C. R. Wijewardhana, Yale University
Preprint YCTP-P2-96 [hep-ph/9602385].
10
